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Macroeconomics – Christian Hellwig, Franck Portier & Gilles Saint Paul

Homework 4 (FP)

Problem I – Business Cycles and Nominal Rigidities

Consider a monetary economy with the following markets being open in each period t: a good market with price
Pt, a labor market with the wage Wt and a money market. Money is the num’raire (price equals one). The economy
is populated by two representative agents that behave in a competitve way: a firm and a household.

The firm has a Cobb-Douglas technology:
Yt = ZtK

γ
t N

1−γ
t (1)

where Kt is capital, Nt labor input, and Zt a stochastic technological shock. It is assumed that the firm profit Πt is
distributed to the household.

Capital fully depreciates in one period so that

Kt+1 = It (2)

where It is investment in period t.
The representative household works Nt, consumes Ct in period t, and ends the period with a quantity of money

Mt. He has the following preferences:

U = E0

∞∑
t=0

βt
[
logCt + ω log

Mt

Pt
− V (Nt)

]
(3)

where V is a convex function.
At the beginning of period t there is an aggregate stochastic multiplicative monetary shock as in Lucas (1972),

denoted by µt. The money holdings Mt−1 carried from the previous period are multiplied by µt , so that the household
starts period t with money holdings µtMt−1.

The household budget constraint in period period t is :

Ct +
Mt

Pt
+ It =

Wt

Pt
Nt + κtIt−1 +

µtMt−1

Pt
+ Πt (4)

where κt is the real return in period t on capital invested in t− 1.

The Walrasian regime (flexible price and wage) :

1 – Write down the household maximization program and derive its First Order Conditions.

2 – Write down the firm maximization program and derive its First Order Conditions.

3 – Define a competitive equilibrium of this economy

4 – Show that in equilibrium,
Ct = (1− βγ)Yt (5)

It = Kt+1 = βγYt (6)

Mt

Pt
=
ω(1− βγ)

1− β
Yt = χYt (7)

5 – Show that employment is constant along the Walrasian equilibrium path. Denote N this level and n its log.

6 – What is the effect of a shock µt on output? On prices? Discuss.

7 – Show that the walrasian nominal wage ww and the price level are given by:

wwt = mt + log(1− γ)− log χ− n (8)

pt = mt −
zt

1− γL
− log χ− n− γ log βγ

1− γ
(9)

where L is the lag operator.

8 – Compute the correlation between the log of output and the log of the real wage. Discuss.
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Nominal Wage Contracts : We now assume that the level of wages is predetermined at the beginning of each
period. At this contract wage the household supplies all labor demanded by the firm. The crucial assumption is that
parties to the contract aim at clearing the market ex ante (in logarithmic terms). In other terms , the contract wage
will be set equal to the expected value of the Walrasian wage ww.

9 – Compute the level of the contract wage as a function of expected money supply, conditionally on t−1 information.
Since the goods market clears and the firm’s demand for labor is always satisfied, first order conditions of the firm

are not affected.

10 – Explain why household now maximize their utility function (3) subject to the budget constraint (4), but taking
Nt as given (and determined by firms’s demands).

11 – Show that equilibrium allocations are now given by

yt = zt + γkt + (1− γ)nt (10)

wt − pt = yt − nt + log(1− γ) (11)

mt = pt + yt + log χ (12)

kt+1 = yt + log βγ (13)

plus the equation setting the nominal wage, as computed in question 9.

12 – Show that
nt = n+mt − Et−1mt (14)

Comment.
Let’s define the monetary shock as

εmt = mt − Et−1mt (15)

13 – Using the expression of output and real wage (both in logs), show that supply shocks and lagged money shocks
induce a positive correlation between real wage and output, while contemporary money shocks induce inversely a
negative correlation between real wage and output. Discuss.

Problem II – Rational Expectations and Staggered Prices

We consider here a model inspired from the works of Stan Fisher (1977) and John Taylor (1978). Consider an
economy with a continuum of individuals indexed by i, and uniformly distributed over the interval [0, 1]. The advantage
of considering a measure 1 of individuals is that, if xi denotes a individual variable, the aggregate counterpart will be

x =
∫ 1

0
xidi. At a symmetric allocation, we will have xi = x ∀i.

Price setting with imperfect competition and flexible prices: Each individual is the only producer of good
i, that is produced in quantity Qi according to the technology Qi = L̃i, where L̃i is the amount of labor hired by
agent i. Agent i supplies Li units of labor on a single labor market, and may work in any firm. W is the nominal
wage in the economy. Utility of agent i is given by

Ui = Ci −
Lγi
γ
, γ > 1. (16)

where Ci is agent i consumption. It is a basket of all the goods produced in the economy, with a price P =
∫ 1

0
Pidi.

Agent i nominal income Ii is the sum profits PiQi −WL̃i and labor income WLi. It is assumed that good i demand
is given by

Qi = Y

(
Pi
P

)−η
, η > 1 (17)

where Y =
∫ 1

0
Qidi is aggregate production and also aggregate real income. Finally, aggregate demand is given by

PY = M (18)

where M is the exogenous money supply. Money is the num’raire.

1 – Discuss, interpret, give foundations to equation (18).
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2 – Show that the utility maximization problem of agent i reduces to

max
Pi,Li

(Pi −W )Y (Pi/P )−η +WLi
P

− Lγi
γ

3 – Derive the first order conditions of the utility maximization problem. Manipulate those equations to obtain (i)
an equation that expresses the relative price Pi/P as a markup over marginal cost and (ii) a labor supply equation
that expresses Li as a function of the real wage.

4 – Solve for the symmetric equilibrium. [Hint: in equilibrium, xi = x =
∫ 1

0
xidi for any variable x of the model, and

the good market equilibrium conditions writes C = Q = Y .]. Give the equilibrium value of Y and P . Compute the
money multiplier and discuss. Discuss of the effect on η on output level.

5 – Define p?i as the log of the optimal (flexible) price for agent i. Show that

p?i = c+ (1− φ)p+ φm

where p = log(P ), m = log(M). Give the value of c and φ. This price will be referred to as the target price when
prices will be predetermined or fixed.

The model with predetermined prices and rational expectations (the Fisher Model): We now assume
that half of the agents sets their price in odd periods, half in even ones. When an agent sets prices in period, t, she
does set the next period (t+ 1) price and the price of the period after (t+ 2), at the expected target levels of period
t+ 1 and t+ 2. Prices needs not to be the same in periods t+ 1 and t+ 2, but they are predetermined. In any period,
half of prices are ones set in the previous period and half are ones set two periods ago. Thus, the average (log) price is

pt =
1

2
(p1t + p2t )

where p1tdenotes the price set for t by individuals who set their prices in t− 1 and p2t the price set for t by individuals
setting prices in t− 2. p1t equals the expectation as of period t− 1 of p?it (p1t = Et−1 p

?
it) and p2t equals the expectation

as of t− 2 of p?it (p2t = Et−2 p
?
it). In the following, we consider for simplicity the model without the constant c:

p?it = (1− φ)pt + φmt.

Note also that we have added time subscripts.

6 – Express p1t as a function of Et−1 mt, p
1
t and p2t . Express p2t as a function of Et−2 mt, Et−2 p

1
t and p2t .

7 – Solve for p1t and p2t as a function of Et−1 mt and Et−2 mt.

8 – Show that the model solution is given by{
pt = Et−2 mt + φ

1+φ (Et−1 mt − Et−2 mt)

yt = 1
1+φ (Et−1 mt − Et−2 mt) + (mt − Et−1 mt)

Discuss the economic properties of the solution.

The model with fixed prices and rational expectations (the Taylor model): Assume now that prices
are not only predetermined, but fixed for two consecutive periods. To get an easier solution, we slightly change the
timing. In period t, half the agents sets the same price χt for periods t and t+ 1, at the expected average target level:

χt =
1

2
(p?it + Et p

?
it+1)

while the other half sets their price in period t+ 1 for periods t+ 1 and t+ 2:

χt+1 =
1

2
(p?it+1 + Et+1 p

?
it+2)

The average price pt is therefore given by

pt =
1

2
(χt−1 + χt).

It is also assumed that m is a random walk:
mt = mt−1 + ut
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where u is a white noise.

9 – Show that the model equilibrium prices satisfy the recursion

χt = A (χt−1 + Et χt+1) + (1− 2A)mt

where A = 1
2
1−φ
1+φ . Discuss this equation in economic terms.

10 – Assume the solution for χ is of the form χt = λχt−1 + (1 − λ)mt. Use the previous recursion to compute the
unique value of λ with modulus smaller than one.

11 – Show that the model solution in output is

yt = λyt−1 +
1 + λ

2
ut

Discuss the economic properties of the solution.

Problem III – Discussion – About Gali’s 1999 AER Paper (Technology, Employment, and the
Business Cycle: Do Technology Shocks Explain Aggregate Fluctuations?)

In a 1999 AER paper, Jordi Gali is estimating the following VAR:
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is closer to that in Edward N. Gamber and 
Frederick L. Joutz ( 1993), who restrict labor- 
supply shocks not to have a permanent effect 
on real wages, while allowing labor- demand/ 
technology shocks to have such a permanent 
effect. 

B. Specification and Conditional 
Correlations Estimators 

My empirical model interprets the observed 
variations in (log) productivity (xt) and (log) 
hours (nt) as originating in two types of ex- 
ogenous disturbances-technology and non- 
technology shocks-which are orthogonal to 
each other, and whose impact is propagated 
over time through various unspecified mech- 
anisms. That idea is formalized by assuming 
that the vector [Ax,, Ant]' can be expressed 
as a (possibly infinite) distributed lag of both 
types of disturbances: 

(23) [x,1 

C "(L) C12 (L) l tZ 

-Lc2 L) C22(L m 

-C(L)et 

where { z } and { S m} denote, respectively, 
the sequences of technology and non- 
technology shocks. The orthogonality as- 
sumption (combined with a standard nor- 
malization) implies Estes' = I. Furthermore, 
the identifying restriction that the unit root 
in productivity originates exclusively in 
technology shocks corresponds to C12(1) - 
0. In other words, the matrix of long-run 
multipliers C ( 1 ) is assumed to be lower 
triangular. 

The specification in (23) is based on the 
assumption that both productivity and hours 
are integrated of order one, so that first- 
differencing of both variables is necessary 
to achieve stationarity. That assumption is 
motivated by the outcome of standard aug- 
mented Dickey Fuller (ADF) tests which do 
not reject the null of a unit root in the levels 
of either series, but do reject the same null 
when applied to the first-differences (at the 

5-percent significance level)."4 Notice that 
while my identification strategy hinges crit- 
ically on the presence of a unit root in pro- 
ductivity, it can accommodate both I(O) 
and I( 1 ) hours. Thus, and in order to check 
the robustness of the results, I also estimate 
an analogous model for [ A x,, fi] ', where fit 
denotes deviations of (log) hours from a fit- 
ted linear time trend. 

Consistent estimates of the coefficients of 
C(L) in (23) are obtained as functions of the 
estimated parameters of a reduced-form VAR 
for [Ax,, Ant]', following a standard proce- 
dure.15 Given an estimate for C(L) (which 
embeds the impulse response coefficients), es- 
timates of conditional correlations can be ob- 
tained using the following formula (with the 
population coefficients are replaced by their 
corresponding estimates): 

(24) p(/Ax,, An,Ii) 

00 
v Clicz2i 

j=O j j 

Vvar (Ax, i) var (Ant I i) 

for i = z, m, where var(Axi) - = 
(Cjl )2 and var (Ant I i) = >7== o (C?i)2 are con- 
ditional variances of hours and productivity 
growth. 16 

III. Evidence 

This section reports and discusses the evi- 
dence on conditional productivity-labor input 
comovements. First, I report evidence based 
on a bivariate model estimated using postwar 
U.S. data. Then I show how the main quali- 
tative results obtained in that benchmark 
model also hold for an augmented model that 
includes a number of monetary and financial 

' Tables with a detailed description of unit root tests 
can be found in Galf (1996a) or in the Appendix available 
upon request. 

'" Detailed formulas for consistent estimator of C(L) 
in VAR models with recursive long-run restrictions can 
be found in Galf (1996b) or in the Appendix available 
upon request. 

16 Of course, in practice the sums in (24) are truncated 
at a large (but finite) lag. 
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comovements. First, I report evidence based 
on a bivariate model estimated using postwar 
U.S. data. Then I show how the main quali- 
tative results obtained in that benchmark 
model also hold for an augmented model that 
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' Tables with a detailed description of unit root tests 
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be found in Galf (1996b) or in the Appendix available 
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16 Of course, in practice the sums in (24) are truncated 
at a large (but finite) lag. [...]

1 – Explain why it is useful to decompose the VAR innovations into two orthogonal components

2 – Explain what are the assumptions made by Gali to get sequences of technology and non technology shocks. Are
these assumptions reasonable?

Some of the results of the estimation are given in the following table. In that table, the correlation between
productivity and labor input conditional on a technology shock represents the correlation that would be observed if
only technology shocks were hitting the economy.
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TABILE 1---CORRELATIoN ESTIMATES: BIVARIATE MODEL 

Unconditional Conditional 

Technology Nontechnology 

Panel A: First-differenced labor 
Hours -0.26** -0.82** 0.26** 

(0.08) (0.12) (0.12) 
Employment -0.02 -0.84** 0.64** 

(0.07) (0.26) (0. 1 3) 

Panel B: Detrended labor 
Hours -0.26** -0.81** 0.35* 

(0.08) (0. I1) (0.20) 
Employment -0.02 -0.35 0.38 

(0.07) (0.49) (0.56) 

Notes: Table 1 reports estimates of unconditional and conditional correlations between the growth rates of productivity 
and labor input (hours or employment) in the United States, using quarterly data for the period 1948: 1-1994:4. Standard 
errors are shown in parentheses. Significance is indicated by one asterisk (10-percent level) or two asterisks (5-percent 
level). Conditional correlation estimates are computed using the procedure outlined in the text, and on the basis of an 
estimated bivariate VAR for productivity growth and labor-input growth (Panel A) or productivity growth and detrended 
labor input (Panel B). Data sources and definitions can be found in the text. 

initial increase in labor productivity and the 
(smaller) increase in output is reflected in a 
short-lived, though persistent (and signifi- 
caant), decline in hours. The fact that the bulk 
of the joint variation in employment and pro- 
ductivity arising from a technology shock 
takes place on impact, with both variables 
moving in opposite directions, is largely re- 
sponsible for the negative conditional corre- 
lation reported above.'9 

Figure 2 also displays the estimated dy- 
namic responses to a nontechnology shock, as 
identified by the empirical framework above. 
Such a shock is shown to have a persistent 
positive effect on output, hours, and produc- 

tivity. Interestingly, while the effect on pro- 
ductivity vanishes over time (by assumption), 
the shock has a sizable (and statistically sig- 
nificant) permanent impact on both hours and 
output, thus emerging as the main source of 
the unit root detected in hours. The large pos- 
itive comovement of productivity and hours on 
impact is the main source of the positive sign 
in the estimated correlation conditional on 
nontechnology shocks reported in Table 1. 

Most of the qualitative patterns in the im- 
pulse responses just presented are preserved 
when detrended hours (i.e., deviations of log 
hours from a fitted linear time trend) are 
used in the estimated VAR, as displayed in 
Figure 3. The only significant difference lies 
in the absence (by construction) of a perma- 
nent effect of the nontechnology shock on the 
level of hours (and, consequently, on output, 
given the identifying restriction). Further- 
more, similar results (not reported) obtain 
when employment is used instead of hours as 
a labor-input measure.20 

1 A decline in hours (or, alternatively, an increase in 
unemployment) resulting from a positive technology 
shock can also be detected in other structural VARs in the 
literature. Since the purpose of those exercises is generally 
unrelated to the issue at stake here, the presence of such 
a result often appears to go unnoticed or, at most, is briefly 
mentioned irn the text. Some of the papers where that result 
can be found are: Blanchard ( 1989 Figure 1 .b), Blanchard 
and Quah ( 1989 Figure 6), Gamber and Joutz ( 1993 Fig- 
ure 1), Blanchard et al. (1995 Figures C and D), Cooley 
and Mark Dwyer (1995 Figure 1), and Mario Forni and 
Lucrezia Reichlin ( 1995 Figure 3). The latter two papers 
provide a longer discussion of the finding, interpreting it 
as being consistent with the traditional Keynesian model. 

20 Impulse responses using employment data can be 
found in Galf (1996a Figure 3.b) and in the Appendix 
available upon request. 

3 – Present in words the results.

4 – What is the effect of a technology shock on labor input (hours or employment) in a plain RBC model? What is
the typical shape of a impulse response function to a persistent TFP shock in a plain RBC model?

5 – Consider a fix-price AD-AS model in which Aggregate Demand is given by Y = M
P and the production function

by Y = AH where H stands for labor input and A for technology. What would be in such a model the impact of a
positive technology shock? What can we conclude from Gaĺı’s results?
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