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Problem set 2: Transitional dynamics in models with constant returns to accumulated factors

Problem I – The AK model with an externality

We consider the following version of the Ramsey model:

max

∫ +∞

0

lnCt.e
−ρtdt, (1)

Yt = AtK
α
t L

1−α (2)

K̇t = Yt − Ct (3)

L = 1. (4)

In this model, the level of technical progress At is endogenous. At each date t At is determined by an externality
from the agreggate capital stock:

At = AK1−α
t .

Note that private agents do not take this relationship into account when making their decisions. Note also that
the exponent of K in the externality is such that we have constant returns to capital in the aggregate. The aggregate
production function is

Yt = AKt.

1 – Is the competitive equilibrium a Pareto-optimum in this setting?

2 – In order to obtain the equilibrium trajectory, can one compute the optimal trajectory of the economy by
maximizing the utility of the representative agent under the physical contraints?

3 – Let A∗t be the equilibrium trajectory for At. Show that the economy’s trajectory is the competitive equilibrium
of another economy (called B) where (1)-(4) holds but where instead technical progress is exogenous and equal to A∗t .

4 – Is the competitive equilibrium a Pareto-optimum in economy B?

5 – Show how the preceding remarks may be used to solve for the competitive equilibrium of our economy.

6 – Show that the equilibrium conditions are such that

Ċt
Ct

= αA− ρ.

7 – Let ct = Ct/Kt. Show that ct follows a linear differential equation which is unstable in the usual sense.

8 – Show that if one rules out explosive solutions, ct must be constant along the economy’s trajectory.

9 – Show that the economy follows a balanced growth path from t = 0 on regardless of the initial value of K.

10 – What is the growth rate of the economy?

11 – Compute the trajectory of the social optimum.

12 – Is growth too high or too low in equilibrium compared to the social optimum? Why? Explain.

Problem II – The augmented Solow model with only accumulable factors

Consider the following model:

Y = AKαH1−α,

where Y = output, K = capital, H = human capital
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and:

K̇ = sKY,

Ḣ = sHY.

1 – Show that if (Kt, Ht) is an equilibrium trajectory for initial conditions (K0, H0), then for any λ > 0 we have that
(λKt, λHt) is an equilibrium trajectory for initial conditions (λK0, λH0).

2 – Show that the equilibrium ratio H/K converges to a unique long-term level. Compute this level.

3 – Compute the long-term growth rate of this economy.

4 – Under which conditions will the economy be ona balanced growth path from t = 0 on?
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