University College London, 2018-2019
Econ 0107 – Macroeconomics I – Franck Portier
Problem set 8: Fiscal Policies in a Growth Model
Note: Those problems are about the “growth model” aspect of the lecture (i.e. “RBC” models), not about fiscal policy.

Problem I – A Simplified Real-Business-Cycle Model with Additive Technology
Consider an economy consisting of a constant
population of infinitely-lived individuals. The representative inP∞
dividual maximizes the expected value of t=0 u(Ct )/(1 + ρ)t , ρ > 0. The instantaneous utility function,u(Ct ), is
u(Ct ) = Ct − θCt2 , θ > 0. Assume that C is always in the range where u0 (C) is positive.
Output is linear in capital, plus an additive disturbance: Yt = AKt + et . There is no depreciation; thus Kt+1 =
Kt + Yt − Ct , and the interest rate is A. Assume A = ρ. Finally, the “disturbance” e time path is given by : e0 = 1,
et = φet−1 , where −1 < φ < 1. Its is assumed that K0 is at the steady state level corresponding to e = 0.
1 – Find the first-order condition (Euler equation) relating Ct and Ct+1 .
2 – Guess that consumption takes the form Ct = α + βKt + γet . Given this guess, what is Kt+1 as a function of Kt
and et ?
3 – What is the dynamics of the C and K from 0 to +∞?
4 – What are the effects of a one-time shock to ε on the paths of Y , K, and C?

Problem II – An analytic model with log-linear depreciation
Consider a model economy populated with a representative household and a representative firm. The firm has a
Cobb-Douglas technology:
(1)
Yt = Zt Ktγ Nt1−γ
where Kt is capital, Nt labor input, and Zt a deterministic technological parameter. All profits of the firm are
distributed to the household. Capital evolves according to the log linear relation
Kt+1 = AKt1−δ Itδ

0<δ≤1

(2)

where δ accounts fro capital depreciation depreciation and where It is investment in period t.
The representative household works Nt , consumes Ct and invests It in period t. Preferences are given by:
U=

∞
X

β t [log Ct − V (Nt )]

t=0

where V is a convex function. Capital is accumulated by the household and rented to the firm.
Let κ denote the real rental rate of capital, P the price of the final good and W the nominal wage.
Finally, the time path of Z and K0 are given.
We first assume that δ = 1 (full depreciation).
1 – Write down the budget constraint of the household and the profit function of the firm
2 – Derive FOCs of the utility and profit maximization
3 – Define a competitive equilibrium of this economy
4 – Solve the model and show that Nt is constant along an equilibrium path.
5 – Derive a first order difference equation equation for log of output (given a time path for Z).

?
1

(3)

We assume now that δ ∈]0, 1[.
6 – What is the economic meaning of equation (2)?
7 – We still denote κt the real return in t on investment It−1 :
κt =

∂Yt
∂It−1

(4)

and note that the real price, in terms of current output, of capital to be transmitted to the next period is not one as
when δ = 1. We denote it as qt (like Tobin’s q), and it is equal to:
qt =

∂Kt+1 /∂Kt
∂Kt+1 /∂It

(5)

8 – Comment the new budget constraint of the household
Ct + It =

Wt
Nt + κt (It−1 + qt−1 Kt−1 )
Pt

9 – Solve for the competitive equilibrium of this economy and compute

(6)

It
Ct .

10 – Compute the constant level of N .
11 – Derive the new difference equation followed by the log of output.

Problem III – Technological change, Preference change and the endogeneity of TFP
We consider here a variation of the simple analytical RBC model. We study a model economy A populated with
a representative household and a representative firm. The firm has a Cobb-Douglas technology:
Yt = ezt Ktγ Nt1−γ

(7)

where Kt is capital, Nt labor input, and ezt the exogenous Total Factor Productivity (TFP). All profits of the firm
are distributed to the household. Capital evolves according to
Kt+1 = It

(8)

where It is investment in period t.
The representative household works Nt and consumes Ct . Preferences are given by
U=

∞
X

β t [log Ct − eχt Nt ]

(9)

t=0

where χt is a preference shifter. Capital is accumulated by the household and rented to the firm.
Let κt denote the real rental rate of capital, Pt the price of the final good and Wt the nominal wage. It is assumed
that γ and β are between 0 and 1.
We finally assume that in this deterministic economy, K0 is at the steady state level corresponding to z = χ = 0.
1 – Write down the budget constraint of the household and the profit function of the firm
2 – Derive FOCs of the utility and profit maximization
3 – Define a competitive equilibrium of this economy
4 – Solve the model and show that the equilibrium process of output is yt = zt + γyt−1 − (1 − γ)χt (1) (dropping
constants and with the notation x = log X)
5 – We assume now zt = 0 ∀t ≥ 0 and that the time path of χ is given by : χ0 = 1, χt = 0 ∀t > 0. What is the time
path of log yt ?

?
2

θ

We now consider an economy B, in which the TFP is not exogenous at the aggregate level, but given by ezt = Y t ext ,
θ
where x is the exogenous part of TFP and Y t acts as an externality. More precisely, Y t is taken as given by firms and
households, but one has at the competitive equilibrium Y t = Yt . I is assumed that θ is between 0 and 1.
6 – What is the economic interpretation of this externality?
7 – Solve for the competitive equilibrium and give the equilibrium process of output (again in logs). Comment
8 – Assume that an economist observes the economy B, with externality, but thinks that he is observing economy
A, and is therefore using equation (1) to measure TFP. Draw the economy dynamics when χt = 0 ∀t ≥ 0 and χ0 = 1,
χt = 0 ∀t > 0.
9 – How to interpret the positive correlation between observed TFP and output? Could such an economist believe
(wrongly) that technological changes are driving part of the response of the economy? Discuss.

Problem IV – Simulating a deterministic model with Dynare
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In this problem, the objective is to use Dynare to reproduce the following figure of Ljundqvist & Sargent’s,
Recursive Macroeconomic Theroy (4th edition), Chapter 11),
µ
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“Practicing Dynare” [2010] (that you will find on the course page or at http://www.tomsargent.com/research/AP tom16.pdf).
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7ø)ª)¨¥ß 9289ªÆ ¥ª™ª¥ ±+ 8±™ªÆ)7ª)¨ ª®'ª)º2¨´Æª&Ú M+ ¨9ª 8±™ªÆ)7ª)¨ -±)&´7ª&
1 – Read and 7±ÆªÙ
understand
codes Figv3
1161
FP.mod, ¥ª
Figv3 1162 FP.mod and Figv3 1163 FP.mod.
¨9ª the
9±´&ª9±¥º
7´&¨
-±)&´7ª

ø-¨´ø¥
2) 8±™ªÆ)7ª)¨
æª-ø´&ª -±)&´7ªÆ&
-øÆª øæ±´¨ ¨9ª
2 – Run those¨9ª
three
codes Æ2&ª
to obtain
figures 11.9.1ª®'ª)º2¨´Æª&
to 11.9.3 of Ljundqvist
& Sargent.
3 – Produce new figures when the shock is announced for period 20.

¨9ª figures
'Æª&ª)¨
™ø¥´ª
¥´7'Û&´7
¨ø®ª& aN´7'&
277ªº2ø¨ª¥ßÙ
-±)&´7'¨2±)
4 – Produce new
when
the±+
increase
in g follows
diffusion
of the type displayed
on the ø¥&±
figure+ø¥¥&
below.
277ªº2ø¨ª¥ß 2) ø)¨2-2'ø¨2±) ±+ ¨9ª 2)-Æªø&ª 2) 8±™ªÆ)7ª)¨ ª®'ª)º2¨´Æª&Ú Ã92&
¥ªøº& ¨± ø 8Æøº´ø¥ æ´2¥ºÛ´' ±+ -ø'2¨ø¥3 2) ¨9ª ºø¨ª& æª¨©ªª) " ø)º Ã Ù +±¥¥±©ªº
æß ø 8Æøº´ø¥ +ø¥¥ ø+¨ªÆ Ã Ú øÆ2ø¨2±) ±™ªÆ ¨27ª 2) ¨9ª -ø'2¨ø¥ &¨±-µ 9ª¥'& &7±±¨9

g

0.5

0.4

0.3

0.2

0.1

0

-0.1
0

5

10

15

20

25

5 – Produce new figures when preferences are
u(c) =

(c − c)1−γ
,
1−γ

with c = .4325.
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