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1. Introduction

> We study a dynamic optimal taxation problem with commitment = RAMSEY
problem

» The solution to this problem is referred to as a RAMSEY plan

> The government’s objective goal is to maximize households welfare subject to
raising revenues through distortionary taxation.

» When designing an optimal policy, the government takes into account the
competitive equilibrium reactions by consumers and firms to the tax system.
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2. The economy

» No uncertainty
> Representative household (hh):

o0

> BtU(ct, 1= ) (2.1)
t=0
> Technology
¢t + gt + key1 = Fke,ne) + (1 — 6)ke (2.3)
> F linearly homogenous of degree 1

> Govt:
X spends exogenously {g;}
% finances with {74 },{7nt} and one period real bonds {b;}
X Budget constraint

T-1

b . _

8¢ = Thereke + Toewene + ;T*tl —be,  lim (H R; 1) brii=0  (25)
i=0

X Bonds are taxed exempted, no depreciation allowance
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2.2. Households

» Choose {ct, nt, ket1, b} to max

maxL = Zﬁt<U(ct,1—nt)
t=0

+ )\t((l — Tpe)Wene + (L — 7he)reke + (1 — 0)ke + br — ¢t — k1 —

> foc:
Uir = A\t (2.7)
Uze = Ae(1 — Tnt)we (2.8)
)\t = ﬂ)\t—l—l((l — Tkt_;,_]_)rt_l,_l +1-— 5) (2 9)
)\t = B>\t+1Rt ( 10 )
» which implies
Uzt = Uie(1 — Toe) W (2.11a)
Uiy = 5U1t+1((1 — Tkt+1)rt+1 +1-— 5) (2.11b)
R = (]_ — Tkt+1)rt+1 +1-6 (212)

(2.12) is a no-arbitrage condition

bty
R:

)
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2.2. Households

> We also have the transversality conditions

T-1
li 1 = .
im_ <1‘£ R~ ) kr41=0 (2.15)

1

T-1 b
lim R! ”1 =0 (2.16)
T—o0 0
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2.3. Representative firm

» Chooses {nt, ki } to max {[My = F(ke, ne) — reke — weng}

» No-arbitrage:
re = Fre
we = Fpt
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3. RAMSEY problem

Definition 1

A feasible allocation is { k¢, ct, nt, g¢} that satisfies

Ct + &t + kt+1 = F(kt, nt) + (1 — (S)kt
Definition 2
A price system is a nonnegative bounded sequence {wy, r, Ry}

Definition 3

A government policy is a sequence {g¢, Tkt, Tnt, bt}
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3. RAMSEY problem

Definition 4

A competitive equilibrium is a feasible allocation, a price system and a govt policy such
that

1. given price system and govt policy, allocation solves hh and firm problem

2. given price system and allocation, govt policy satisfies the sequence of budget
constraints and transversality condition:

b+
8t = Tkeleke + Tneweny + —— R — by; I|m (H R ) bri1 =0 (2.5)

t
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3. RAMSEY problem

Definition 5

Given ko, bo and {g:}, the RAMSEY problem is to choose Tyt, Tnt} SO that the
corresponding competitive equilibrium maximises utility.

> We will impose the restriction that 7y is given and “small”

> Why? Because a trivial solution to the RAMSEY problem is to use only 74q to
finance {g:}.
> Why? kg is given ~» Tyq is not distortive.
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4. Zero capital tax at the steady state

» Assume (without loss of generality) that the govt chooses r; = (1 — 74t)r: and
wt = (1 — 7pt)ny instead of 74 and 7pe.

» Tax revenues are
Tkeltke + Toeweny = (re — re)ke + (We — we)ne
= rike + weng — re) ke — wenyg
= Furke + Fpeng —reke — weny
——_— —
F(kt,nt)

P Plug this expression in the govt budget constraint:

bet1

F(ke, ne) — reke — weny +
R:

—br—g=0
> This equation collapses the govt bc and the firm’s focs
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4. Zero capital tax at the steady state

» The other constraints the govt is facing when choosing optimal taxes are :
X Resource constraint:

C: + 8t -+ kt+1 = I:(kf7 nt) -+ (1 — 6)/(1—

X Hh focs:
Uy = Ult(l - Tnt)Wt
Use BUrer1((1 — Theg1)re41 + 1 —9)

X No-arbitrage condition
Rt =(1—Tkes1)req1+1—-0
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4. Zero capital tax at the steady state

> To derive the RAMSEY plan, the govt maximizes £ by optimally choosing
{kt+17 Ct, Ny, Wta E’}

- ~ b
L= ZB[ Ct,Nt) + wt(F(ktant)—ftkt—tht—i-il—bt—gt)

Ry
+ et(F(kn ne) + (1 —6)ke — ct — g — kt+1) (4.1)
+ ult(Uzt — Ur(1 - Tnt)Wt)
+ Mzt(Ult — BUre41((1 — Tkeg1)re41 + 1 — 5))
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4. Zero capital tax at the steady state

> The foc wrt ksyq is

0: = | BYes1(Fre+1 — Fev1) + O0ri1(Freyr +1 =6 4.2
( ) ( ) (4.2)

cost of investing more tax revenues more goods

one more unit tomorrow tomorrow

benefits of investing one more unit

> Assume that g; stays constant after T so that 3 a steady state to which the
RAMSEY plan is converging.

» Using r: = Fkt, (4.2) rewrites at the steady state:

0= B(r —7) +6(r+1—05)) (4.3)
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4. Zero capital tax at the steady state

» Use the Hh Euler equation Uit = BU1t4+1((1 — Tkes1)re+1 + 1 — 9) at the steady
state:
1=p8(r+1-9)
which implies
Blr+1-=6) = pr—r+r+1-9)
B(r— )+ B(F+1-0)
—_———

1

> (4.3) becomes
0= pY(r—r)+08(r+1-14))
—_—
B(r—r)+1

which implies

O+ )(r—r)=0 (4.5)
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4. Zero capital tax at the steady state
@+Y)(r—r)=0 (4.5)

> Since § > 0 and i < 0, one must have

r=r
which implies
Tk =0
Chamley-Judd result of no taxation of capital at the steady state.
Proposition 1

If 3 a steady state RAMSEY allocation, the associated limiting tax rate on capital
income is zero.

~ Diamond-Mirlees no-taxation of intermediate goods result
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6. Primal approach to the RAMSEY problem

» Previously we have eliminated (7%, 7,) and (w, ry) and replace with (W, r¢)
P> Let's go further and eliminate all taxes and prices.

X Dual approach: tax rates are the govt decisions
X Primal approach: the govt directly chooses quantities under the constraints imposed
by competitive equilibrium
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6. Primal approach to the RAMSEY problem

» The dual problem is

~ bt
L= ZB[ ce,ne) +  Pe(F(ke,ne) — Feke — weng + —— R *bt*gt)

t

+ Gt(F(kt, nt) —+ (]. — 6)/(1- — Ct — 8t — kt+1) (41)
+  pae(Uae — Ure(1 — 7ne) we)
+ Mzt(Ult — BUre41((1 — Theg1) re41 + 1 — 5))

> Let's eliminate all prices and taxes

> Instead of the sequence of gvt budget constraints in blue, we will use the
intertemporal budget constraint of the hh 4 the no-arbitrage condition (this is
equivalent by WALRAS law):

D qlce = q2(1 — mue)wene + (1 — 7hy)ro + 1 — d)ko + bo
= t=0
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6. Primal approach to the RAMSEY problem

Steps

Step 1

Step 2

Step 3

Step 4

Obtain the focs of hh and firm + no-arbitrage pricing conditions and
solve for {q?, re, We, Tke, Tnt } @s a function of {ce, ne, ket1}

Substitute these expressions into the intertemporal bc if the hh ~»no
more prices or taxes in that equation = implementability condition.

Solve the RAMSEY problem by maximizing welfare s.t. resource constraint
and implementability condition.

Once allocations are obtained, use the formulas of step 1 to obtain taxes.
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6. Primal approach to the RAMSEY problem
Step 1

» Hh problem:

max Z BEU(ce, 1—ne)+A <—Z q?—i-z q?(l—T,,t)tht+((1—7-k))r0+1—5)k0+b0)

t=0 t=0
> focs are 0
B Uit = Agf
5tU2t = Aq?(l 7'nt)Wt

> with q8 = 1 (numeéraire), we have

0 t
= B*2 (6.3a
qt ijl’O ( )
(I—Tw)we = —=  (6.3b)
Utt

> Note that now taxes and prices are functions of quantities.
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6. Primal approach to the RAMSEY problem
Step 1

» Plus no-arbitrage conditions

0

q

o~ = (I—Tkey1)rep1+1-9
9i+1
rt = Fe
Wt = Fp
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6. Primal approach to the RAMSEY problem
Step 2

» Put (6.3a,b) and ry = Fyp) in the ibc of the hh

Z q? Ct:Z q? (1 Tnt)tht+<(1_Tk0)) rn +1—5>k0—|—b0
— \/ —
t70 e t=0 P One Foo
1,0 Ui Urt
which gives
ZB (Urtce — upng) — Ag =0 (6.5)
t=0
with
Ag = U10<((1—Tko)/:koko+1—5)k0+bo) (6.6)
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6. Primal approach to the RAMSEY problem
Step 3

> Let ® be the Lagrange multiplier to the ibc (6.5)

> Define
V(Ct, Ng, ¢) = U(Ct, 1-— nt) + q)(U]_tCt — U2tnt)

» Write the Lagrangian
(o0}
j e Zﬂt(\/(ch nt, q)) + Qt(F(kt, nt) + (]. — (S)kt — Ct — gt — kt+1 — q)AO))
t=0

» The govt problem is then to max J wrt {c¢, nt, ket1 52 for given ko, bo, Tko ~~
only a choice of quantities in this problem.
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6. Primal approach to the RAMSEY problem
Step 3

> Interpretation: In that primal problem, the govt is choosing quantities under the
constraint that these quantities can be decentralized with an appropriate set of
optimal taxed (this is the implementability condition)
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6. Primal approach to the RAMSEY problem

Stap 3

max J = Zﬁt <V(Ct, ne, ®) + et(F(kta ne) +(1—0)ke — ¢t — gr — kep1 — (DAO))
t=0

focs are:

Ct ©
neg .

ke

Q -

no

0: ve>1
—0;Fpnt vt>1
50t+1(gljf\+l +1-9) vVt>0
0o + »=2

6c0 9A
—0Fpo + D=2

8n0
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6. Primal approach to the RAMSEY problem
Step 3

» One can eliminate 6; to obtain:

Ver = BVet1(Fret1 +1-9) Vt>1 (6.9a)
Ve = —VaFne Vt>1 (6.9b)
0A
Vo — q’aT;) = BVa(Fia+1-9) (6.9¢)
0Ao 0Ao
° ( dco CO) R (6.94)
plus the constraints
F(kt, nt) =+ (]. — 5)kt = Ct + 8t =+ kt-l—l (6103)
> B (Urece — uane) = Ag (6.10b)
t=0

~ solve for {c¢, n¢, key1}tieg and ®
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6. Primal approach to the RAMSEY problem

Step 4

» Once allocations are obtained, we can find prices and taxes:

dot

ﬁtﬁ ~> qot
Ui

Ft ~ It

Fnt ~r Wi

Uzt -

Ut

(I —Tkep1)reg1 +1 =0~ Tpen
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6.2. Zero capital tax at the steady state

> Assume g+ = g Vt > T and that there exists a steady state
> Vi — Ve

» Then
Vet = BVers1(Fre1 +1 = 6) (6.9a)

implies B(Fx+1—-9)) =1

U]_t .
> = t -2 > 0 —
We also have gp: = Uro t“j;O qot/qt+l 1/8

0

> Then Zt :(1—Tkt+1)rt+1+1—(5“"> ,6((1—Tk)Fk+1—(5):1

i1

» This implies 7, =0
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7. Taxation of initial capital

» Up to now, we have assumed Txg given and small

> Assume now that 74q is a choice variable for the govt
o

man — Zﬁt <V(Ct7 Ng, q)) —+ Qt(F(kt, nt) -+ (1 — (S)kt — Ct — gt — kt+1 — (DAO))
t=0

with

Ao = U170 <((1 — TkO)FkOkO +1-— 5)/(0 + bo) (66)
> We have 5 7
max
3 = ®U1,0Fkoko
TkO
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7. Taxation of initial capital

OmaxJ

5 = ®U1,0Fkoko
Tko

® = utility cost of raising resources throught distortionary taxes

OmaxJ

As long as ¢ > 0, > 0 and it is optimal to raise 7yq

>
>
OTko
> 7o '~ less distortive taxation ~» &\
> The govt will optimally increase 7o to the point where ® = 0 = First best
» In the first bes:

X Tkt = Tnt = O

X The govt taxes Txoko, lends it the the hh and pays g with the interest
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